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In this paper we obtain some mixed means and weighted L p 
estimates for the commutators generating r order central integral 
means operators with CMO functions. 

£ : l.INTRODUCTION 

1: 

Let T be a sublinear operator and 6(2) a function, the commutator [T, 6] is defined 

by 

r- : [T,b]f(x) = T(fb)(x) - b(x)Tf(x). 

O ; 

y— 1 I A famous result of Coifman, Rochberg and Weiss stated that the commutators of 

Calderon-Zygmund singular integral operators and BMO functions are bounded on 
L p for 1 < p < 00 ( see [5]). Since then, the L p estimates and applications of these 
y—i ■ type commutators were studied by many authors (see [2,21,19,4] and [3,15,20,23]). 

Recently the authors of this paper proved the L p -boundedness of the commutators 
of Hardy operators and one-side CMO functions for 1 < p < 00 in [18]. And this 
^ ; result was extended in [16,11]. In this paper we establish some mixed means estimates 

and weighted L p -estimates of the commutators of central integral means and CMO 
functions, and this extends the boundedness results in [18,11]. 
Let 1 < p < 00. Denote 



SU P ( tttt / \b(x) — bs\ p dx 

BrR" V \B\JB 



1/p 



\bmop, if B are arbitrary balls, 



BcR"\|-E>|j£ J i II&Hcmcw, if B are balls centraled at origin, 

where bs = r§r J B b(x)dx. If H&Ubmoj' < 00, we say b G BMO p , the Bounded Mean 
Oscillation. It is well-known that BMO p = BMO 1 = BMO for all 1 < p < 00. 
If || & || cmo < 00 > we sa Y b £ CMO p , the Central Mean Oscillation. Obviously, if 
1 < p < q < 00, then CMO q C CMO p , and ||6|| C MOf < IHIcmo*- 
We say b e CMO, if ||6||cmo = sup 1 < p<00 ||6||cmop < 00. 

The spaces CMO v bear a simple relationship with BMO: g G BMO precisely 
when g and all of its translates belong to CMO p uniformly a.e., so 

the classical BMO space C CMO p for all 1 < p < 00. 
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Many precise analogies exist between CMO p and BMO from the point of view of 
real Hardy spaces, for example, the duality: CMO p ' ,p' — p/(p — 1), is the dual of 
the Beurling-Herz-Hardy spaces HA P , 1 < p < oo, that is then analogous to the 
H 1 <H> BMO, (see [ 11-12 ] ); the constructive decomposition (see [ 17 ]); and so on. 

If R > 0, denote B(R) = B(0,R) be the ball in R n centered at origin and of 
radius R. Let r, a e R, / e L r loc (R n , \x\ n{a - 1 ^), the central integral mean of order r, 
with the power weight, of /, be defined by 



M r (f,a)(\y\) 



\B(\y\)\ a Jb(\ v \) 



B{\x\)\ a -*\ftx)\ T dx 



and the companion mean of order r, with the power weight, of /, by 

l/r 



M;(f,a)(\y\ 



1 



\B(\y\)\ a JK-\B(\y\) 



BdxDrVix^dx 



The properties and applications of these types of integral means can be found in 
many literatures. Firstly, the limits of (M 2 (/, l){y)) 2 = (l/2y) $l y \f\ 2 (y > 0, the 
one-dimensional case), were used to study the almost periodic functions, and the 
spectrum and ergodicity of sample paths of certain stochastic processes by Wiener in 
[ 22 ]. Secondly, the functions spaces of bounded integral mean of r order, introduced 
firstly by Beurling, 



{f:M r (f,l)(\y\)eL°°}, 



(both homogeneous spaces (\y\ > 0) and non-homogeneous spaces (\y\ > 1)), together 
with their corresponding Beurling algebra A r and the Hardy space HA r [ cf , 1, 12, 6 ] 
had rich contents; Thirdly, the Hardy type inequalities associating with M ± (f, l)(\y\) 
and M*(f, l)(|y|) generalized the classical ones to n-dimension ball [ 9-10, 7 ]. And 
the mixed means inequalities were used to derive the generalizing Hardy and Levin- 
Cochran-Lee type inequalities in [ 7 ] (see also [8]). 
We state the mixed means inequalities as following: 

Theorem 1 ([7: Theorem 5]). Let r, s, i?,«,7 6 R, and let r < s, r, s ^ 0, R > 
0(/ ^ in the case of r < 0). Then, 



M s ((M r (f,a) n )(R) < M r ((M s (f n ),a)(R), 



(1) 



MZ((M;(f,a) n )(R) < M;((M:(f n ),a)(R). 



(2) 



From Theorem 1, we can obtain the L p -boundedness estimates of these types of 
integral means above as following. 

Theorem 2. Let r, s, a, 7 G R, and let r < s, r 7^ 0, s > 0(f 7^ in the case of 
r < 0). Then, 



/ \B(\y\)r\M r (f,a)(\y\)ydy< 

JR" 



1 



(a — 7r/s) s /' 



/ \B{\y\)r l \f{y)\ s dy (3) 
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if a — 7r/s > 0, and 

\B(\y\)r\M:(f,a)(\y\)ydy< 



1 



('jr/s — a) s / r Jr» 



B{\y\)r l \f{y)\ s dy (4) 



if a — 7r/s < 0. 

Proof . For y e B(R), ! BM) \B{\x\)\^ l \f(x)\ s dx < S B{B) \B{\x\)\^\f{x)\'dx 
and J B(R) \B{\y\)\*- l -^l s dy = -±-j-\B(R)\ a -^ a when a - 7 r/s > 0, and using (1), 
we have 



f\B(\ y \)r\M r (f,a)(\ y \)ydy 

BiW'lfWdx, 



'B(R) 

< \B(R)p- sa/r 



s/r 



< 



(a — 7r/s) s / r Jb(R) 



(3) follows by taking the lim^oo. And (4) is the consequence of (2), derived by the 
same technique as (3) from (1), except for taking the lim^ - 

Remark It is easy to see that L°° C B r '°° for < r < oo (see also [6,12-13]). 

Let 

iT'>, 7 ) = {/ : M r (f,a)(\y\) E L^}. 

Then r, s, a, 7 are under the conditions of Theorem 2 and a — jr/s > 0. Thus, we 
have 

L\ xri C B r ' s (a,-f). 

Further, we can obtain the boundedness estimates of the commutators generating 
r order central integral means operators and CMO functions. 

From the point of view on Hardy spaces, the central integral means bear some 
relationships with CMO p . In fact, (A p )* = B p> and (HA P )* = CMO p '. 



2. COMMUTATOR THEOREMS 

Let r > 0, a £ R, / G L[ oc (R n , |a;|™( a_1 )), and b be local integral functions on R r ' 
We define the integral mean commutators of order r, with the power weight, by 



M rJb (f,a)(\y\) 



B(\x\)\ a -\\b(x)-b(y)\\f(x)\Ydx 



l/r 



\B(\y\)\ a Jb(\ v \) 

and the companion mean commutators of order r, with the power weight, by 



M* b (f,a)(\y\) 



1 !/r 



B(\x\)r\\b(x)-b(y)\\f(x)\ydx 



|s(|j/|)|«yR"\B(i„i) 

When r > 1, by the Minkowski inequality, it is easy to calculate that, 



\[M r (.,a),b]f(\y\)\ d = f \M r (bf,a)(\y\) - b(\y\)M r (f,a)(\y\)\ < M r , 6 (/, a)(\y\), 
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\[M;(.,a),b]f(\y\)\ ^ \M;(bf,a)(\y\) - b(\y\)M;(f,a)(\y\)\ < M* b (/, o)(|y|). 

Mixed- means inequalities of commutators of integral means and CMO functions: 
Theorem 3. Let r, s, R, a, 7 G R, s > r > 0, R > 0. Suppose that 6 G CMO 
and / is local bounded functions. Then, 

M a ((M r , 6 (/,a), 7 )(i2) < c 1 ||6|| CA foM r ((M i (/,7),l)(i2) (5) 

if a > 1; and 

M;((M* 6 (/,aO,7)(^) < c 1 ||6|| C moM;((M;(/,7),1)( j R) (6) 

00 

if a < 1, where ci = [2 n H2 n l a - 1 l3 r x 4 x 2 2rar £ 2- fcri l a - 1 l£; r ] 1 / r . 

fc=0 

Weighted LP— estimates of commutators of integral means and CMO functions: 
Theorem 4. Let r, s, a, 7 G R, s > r > 0; 6 G CMO,f is local bounded 
functions, then, 

/ |fi(b|)r 1 (M r , fe (/,a)(|y|)r^<c 2 ||6||^ MO / iSdyDM/^Ny, (7) 
if a > 1 and 7 < s/r, and 

/ ifi(bi)r i (M; i6 (/, a )(|y|)r^<c 2 ||6^ MO / isdyDr 1 !/^)!'^, (§) 

Jr» Jr» 

OO 

if a < 1 and 7 > s/r, where c 2 = | 1 _ 7r 1 / ,| S /r [2 n|Q| 2 n|a ~ 1| 3 r x 4 x 2 2nr £ 2" fcn l a - 1 lA; r ] s / r . 
Proof of Theorem 3 Let us prove (5). Let < R < 2 N , denote 

f 5(2^, if i < iV — 1, 

B - = { B U if7 =J v, .g = *\ *-..« = -».-."; «») 

if x G Cj, denote 

f R , if 7" < i — 1, — v , x 

B S ={ ~ . ,C j = B j \B j . 1 ,j = -oo,...,i. (10) 

{ B(\x\), if j = 1, 

Then, we have 

h(x) = [(M r , b (f,a)(\x\)] r = ^lyp ± j_\B{\y\)r\\b{x) - b(y)\\f(y)\ydy, 
and 

1 N r 

[M s ((M rtb (f,a) n )(R)] s = —— £ / |B(M)rMM*)r /r ^- (11) 

If x G Cj or using = #"15(1)1, we have 

\B(\x\)\ a < I , 'f ^'T™' lf a " °' 1 < | S (l)| Q 2"l Q l2 ina , (12) 
1 Vl m - I \B(l)\ a 2^ na , ifa<0, J 



and for r > , 

The first inequality is obvious when < r < 1, from the property of convex function 
[14] when r > 1 since g(x) = x r is convex function. Noticing that \b(x) — b(y)\ < 
\b(x) -b Bi \ + \b(y) ~b B -\ + \b Bi - b^-\ , using (13) and (12), we have 

h(x) < 2 n ^2 n ^3 r — 1_ ± 2**- 1 ) f_\b{x)-b B X\f{y)\ r dy 

+2 n|a| 2 n|a-l|3r _^_ £ y^a-l) |_ | 6(y) _ | f{y) |^ 

+2 n|a| 2 n|a-l|3r _^_ £ yn(a-l) |_ |^ _ ^/(j,) |^ 

= 2 n|a| 2 n|a - 1| 3 r (/ 1 + h + h)- 
By (10), we see that 

Cj C Bi = B(\x\) for j <i and a; e C«; and FTTTTi ^ 



2-15(1)1 " \Bi\ 
Let i 6 Cj, then we have 

noticing that a — 1 > 0. For I 2 , since / is local bounded, by Holder's inequality and 
Lebesque's control convergence theorem, we have 

l/l' / \ l/l 



J_\b{y)-b^Y\f{y)\ r dy < [j_\b{y) - b^f dy^ ^J_\f(y)\ rl dy 

< \W /l '\\H r cMo(f-\f(y)\ rl dy) 



y 3 

l/l 



\\b\\ r C MO L\f(y)\ r dy, (when/^l). (14) 

JCj 

Thus, as ii, 

^ < n^icMo 1 _ 2 1 n(a _ 1) ^/-i/(y)r^ 
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For J 3 , by (10), 

\b Bl -b B -\ < J W \K X ) ~ bBi\dx 



\Bj\ Jb] 

< / W\ f B > ~ bB i\ dx > if J < * - 1, 
1 p^TTf Jb,- l 6 ^) - b Bi \dx, if j = i, 

< T7TT / \b(x)~b Bi \dx 

i-1 



< T7TT \b(x)-b Bj \dx + 2 n J2\bB h -b Bi 
\ n j\ JB J h=j 

< 2 2n \\b\\ CMO (i-3), 



thus 



h < 



'3 - iHlcMo^^/_l/(y)l^ 

< c\\b\\* CMO -±r f_\f(y)\ r dy, 

JBi 

where c = 2 2nr £ 2-^>( Q - 1 )(i - j) r . When x e let 

j=-oo 

''■K^"H V ' = (iiL" ,,)r *)"' 

combining to the estimates of / 1 ,7 2 ,-^3 above, and noticing that — &B t | r + 

||&||^Mo) s/r < 2 s /-(|6(a:) - b Bi \ s + ||&||£ MO ) for s > 0,r > 0, we see that 

/ \B{\x\)r'[h{x)] s ' r dx<cJ \B{\x\)r l [\b{x) - b B X + \\b\\h MO \9 s {x)dx, (15) 
where c = [2 n l Q l2 n l a - 1 l3 r x 4 x 2 2nr £ 2-^>( ( *- 1 )(i - j) r ] s/r . While, since / local 

j=-oo 

bound implies g local bound, as (14), 

\B{\x\)\^\b{x) - b Bi \ s g s (x)dx < \\b\\ s CM oj Ci \B(\x\)rV(x)dx. (16) 
Thus, combining to (11), (15) and (16), we obtain 



M,((M r>6 (/,a), 7 )(i2) < c /s \\b\\ CMO E / c j£(M)rV (*)cfe 

= 4 /s ||6|| CMO M s ((M r (/,l), 7 )( J R). 

Using (1), we obtain (5). 



l/s 



The proof of (6). Replace (9) and (10) by 
S(2*), if % > N, 



B„ 



and if x G Cj, 



B(R), if i = — 1, 



, = \ = N,N + 1, oo; 



if j > l, 7T- 77- > 



"\ ,C j = B j \B j _ 1 ,j = i,i + l,...,oo. 

B {m), if j = 2-1, 



Then, 

^(x) = [(M* 6 (/,a)(|x|) 
and 

M;((M; ib (/,a), 7 )(i?) 



1 00 /■ 



|S(i?)|7.^ic, 



The rest of the proof of (6) is exactly similar to that of (5). 
Thus, we finish the proof of Theorem 3. 

The proofs of Theorem 4 by using (5) (6) are exactly similar to that of Theorem 
2 by using (1)(2). 
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